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We obtain and study static, spherically symmetric solutions for the Einstein — generalized Maxwell field system
in 2n dimensions, with possible inclusion of a massless scalar field. The generalization preserves the conformal
invariance of the Maxwell field in higher dimensions. Almost all solutions exhibit naked singularities, but there
are some classes of black hole solutions. For these cases the Hawking temperature is found and its charge/mass
and dimension dependence is discussed. It is shown that, unlike the previously known multidimensional black hole
solutions, in our case the black hole temperature may infinitely grow in the extreme case (that of minimum mass for
given charges).
1. Introduction
Coupling between gravity and gauge fields is a common
feature of many unification theories in higher dimen-
sions [1]. In supergravity theories, such gauge fields
are frequently essential in order to complete the mul-
tiplet structure and to guarantee the invariance of the
Lagrangian with respect to local supersymmetry trans-
formations [2]. They can provide, in some cases, a dy-
namical mechanism for the compactification of extra
dimensions [3]. In this supersymmetric context, they
can lead to a geometric interpretation in the super-
space.
The simplest example of coupling of a gauge field
to gravity is the Einstein-Maxwell system in four di-
mensions, whose extension to higher dimensions can
lead to some interesting features [3]: its reduction to
four dimensions implies a non-trivial coupling of the
electromagnetic and scalar fields to gravity.
In the conventional, straightforward generalization
of the Maxwell field to higher dimensions one essential
property of the electromagnetic field is lost, namely,
conformal invariance. The latter exists only in four
dimensions. There is, however, a generalization which
preserves conformal invariance [4]; it is only possible in
even-dimensional space-times, and the resulting con-
formal field (Generalized Maxwell Field, GMF) is rep-
resented by a (D/2)-form, where D = 2n is the space-
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time dimension:
F = dU, or FA1...An = n!∂[A1UA2...An] (1)
where U is a potential (n− 1)-form and square brack-
ets denote alternation. The field F is invariant with
respect to the gauge transformation
U 7→ U + dZ (2)
where Z is an arbitrary (n− 2)-form; in 4 dimensions
this is the conventional gradient transformation of the
Maxwell field.
This combination of gravity and the GMF in higher
dimensions can potentially form the bosonic sector (or
part of the bosonic sector) of some supersymmetric
theory. For example, in eight dimensions the metric
tensor — GMF system has the same number of de-
grees of freedom as the Rarita-Schwinger field, and the
Lagrangian has a form very close to the one stemming
from truncation of the Lagrangian of N = 1, D = 11
supergravity. Fields represented by different m-forms
like the GMF are also considered in modern unified
models like M-theory — see Ref. [5] in this number of
the journal.
In the previous papers some cosmological manifes-
tations of the field (1) were investigated [6, 7, 8]. One
of the main features of the obtained models is the pos-
sible existence of an initial contracting phase; in some
cases, the solutions are singularity-free. These results
were, of course, obtained with just the 4-dimensional
scalar sector of the GMF.
In this paper we analyze D -dimensional spherically
symmetric solutions for the Einstein-GMF system. We
find analytical solutions for many field configurations,
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but not for the most general case. In general, we con-
sider electric, magnetic and scalar charges associated
with the GMF. The internal spaces are assumed to be
Ricci-flat.
The great majority of the solutions exhibit naked
singularities, but there are also some classes of black
hole solutions. We find the corresponding Hawking
temperature and discuss its charge/mass and dimen-
sion dependence. A feature of interest is its possible
infinite growth in the extreme black hole limit.
The presence of naked singularities is a common
feature of spherically symmetric configurations in mul-
tidimensional theories, both in pure gravity and grav-
ity coupled to gauge and dilaton fields [9, 10, 11], quite
similarly to the case of minimal coupling between grav-
ity and scalar fields in four dimensions. In the latter
case the absence of event horizons is known to be a
manifestation of the so-called no-hair theorems, claim-
ing, in particular, that a black hole cannot have a
nonzero scalar charge [13]. Likewise, in pure multi-
dimensional gravity spherically symmetric black hole
solutions are only possible when the internal spaces are
“frozen”, i.e., the extra-dimension scale factors, which
behave as 4-dimensional scalars, are constant [14]. No
black hole solutions exist with a scalar-type component
of a multidimensional Maxwell field [10, 11]. In dilaton
gravity, where special black hole solutions exist in the
presence of a nontrivial scalar (dilaton) field, the extra
dimensions in the “string metric” of these solutions are
again “frozen” (see for instance [11]). Accordingly, the
black hole Hawking temperatures in both Einstein an
dilaton gravity does not depend on space-time dimen-
sion. We shall see that such a dependence exists in the
case under consideration in this paper.
A natural next step (going, however, beyond the
scope of this paper) is to study multidimensional con-
figurations with two conformally invariant fields — the
GMF and the conformal scalar field. There is a well-
known conformal mapping that reduces theories with
nonminimally coupled scalar fields to those with a min-
imally coupled one (denoted φmin ) — see [15] for D =
4 and, for instance, [16] for D ≥ 4. Keeping in mind
this mapping, we seek all solutions in the presence of
φmin . This addition does not complicate the solution
process and, moreover, the influence of φmin upon the
properties of the system is also of certain interest.
The paper is organized as follows. In Section 2
we introduce the GMF and classify the possible GMF
configurations compatible with spherical symmetry. In
Sections 3, 4 and 5 we study the Einstein-GMF-φmin
system, for each GMF configuration separately. The
Hawking temperature for the black hole solutions is
determined and discussed in Section 6. Section 7 con-
tains a brief discussion.
Throughout the paper capital Latin indices range
over all D coordinates, Greek ones take the values 0,
1, 2, 3 and small Latin ones refer to extra dimensions
(i is the number of a factor space). The units where
c = h¯ = 1 are used.
2. Generalized Maxwell field and
spherical symmetry
We consider general relativity in a Riemannian space-
time V D (D = 2n , n ≥ 2) in the presence of two
minimally coupled massless fields, with the action
S =
∫
dDx
√
g
[
R+ (−1)n−1F 2 + φ,Aφ,A
]
,
F 2 ≡ FA1...AnFA1...An , (3)
where R = DR is the scalar curvature corresponding
to the D -metric gAB , g = | det gAB| , φ = φmin , and
F is the GMF.
The corresponding field equations are
GBA ≡ RBA − 12δBAR = −TBA , (4)
∇AFAA1...An = 0, (5)
∇A∇Aφ = 0. (6)
where the energy-momentum tensor (EMT) TBA is a
sum of contributions from φmin and F . The EMT of
φmin has its usual form, while that of the F field is
T
F
B
A = (−1)n−1
(
nFAC2...CnF
BC2...Cn − 12δBAF 2
)
. (7)
The F -sector of the action is invariant under con-
formal mappings of V D (gAB 7→ f(xA)gAB ) provided
the components FA1...An are unchanged in such trans-
formations (the potential U from (1) may experience a
gauge transformation (2) where Z is some (n−2)-form
depending on the conformal factor f ).
Consider V D with the structure
V D =M4 × V1 × ...× Vs, dim Vi = Ni, (8)
where s is the (so far unspecified) number of Ricci-
flat internal spaces; s = 0 corresponds to conventional
4-dimensional theory.
The static, spherically symmetric metric in V D
may be written in the form
ds2D = e
2γ(u)dt2 − e2α(u)du2 − e2β(u)dΩ2
+
∑
i
e2βi(u)dsi
2, (9)
where x1 = u is the radial coordinate and dΩ2 =
dθ2 + sin2 θ dϕ2 .
The following nonzero components of F are com-
patible with spherical symmetry:
• F01a3...an , an electric field,
• F23b3...bn , a magnetic field,
• F1c2...cn , a “quasiscalar” component, behav-
ing as a scalar field in M4 ,
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where the indices ai , bi , ci belong to the internal
spaces.
Remark. Several components of each type can exist
simultaneously, with different sets of indices a , b , c ;
the only restriction is that neither pair of such sets
may contain n− 1 common indices: in such cases off-
diagonal components of the F field EMT would come
into play, which is incompatible with the Einstein equa-
tions for (9).
We will look for solutions in the following cases:
• EMφmin : electric and magnetic field components
of F , plus φmin ;
• Sφmin : a quasiscalar component of F , plus φmin .
• EMSφmin : electric, magnetic and quasiscalar
field components of F , plus φmin ;
Let us choose the harmonic radial coordinate u
specified by the condition [12]
α = γ + 2β + σ, σ ≡
s∑
i=1
Niβi. (10)
Then the nonzero components of the Ricci tensor may
be written in the form
e2αR11 = −α′′ + α′2 −
s∑
i=−1
Niβi
′2,
e2αR22 = e
2αR33 = e
2α−2β − β′′,
e−2αRaibi = −δaibj βi′′, i = −1, 1, ..., s, (11)
where we have denoted
β−1 = γ, N−1 = 1, β0 = β, N0 = 2. (12)
The Einstein tensor component G11 is
e2αG11 = − e2α−2β +
1
2
α′
2 − 1
2
s∑
i=−1
Niβi
′2 (13)
and does not contain second-order derivatives. The
corresponding component of the Einstein equations is
an integral to the other components, similar to the
energy integral in cosmology.
The GMF components specified before are easily
found from the field equations (5):
Electric: F 01a3...an = q e e
−2α, q e = const;
Magnetic: F 23b3...bn = qm sin θ, qm = const;
Quasiscalar: F 1c2...cn = qs e
−2α, qs = const.
(14)
The EMT (7), subject to the above restrictions upon
the set of indices, forms a sum of EMTs calculated for
each of the components separately.
It should be noted that q e and qm are not the
physical electric and magnetic charges in conventional
units, corresponding to the 4-dimensional Maxwell
field. Indeed, the 4-dimensional Einstein-Maxwell La-
grangian (multiplied by 16piG , G being the Newton
constant of gravity) is
4R−GF
M
µνF
M
µν , (15)
where F
M
µν is the Maxwell field. Let us assume that
there is a flat space-time asymptotic, where all extra-
dimension scale factors are normalized to unity. Then,
comparing (15) with the 4-dimensional reduction of (3)
without φmin , one arrives at the asymptotic identifica-
tion
F
M
µν =
√
n!/(2G)Fµνa3...an (16)
where the indices aj correspond to a nonzero compo-
nent of the GMF. Accordingly, the charges in conven-
tional units qe phys and qm phys are connected with q e
and qm by
qe phys =
√
n!/(2G)q e,
qm phys =
√
n!/(2G)qm. (17)
The scalar field φ satisfying the D’Alembert equa-
tion (6) under the above coordinate condition may be
written as
φ = φ0 + φ1u, φ0, φ1 = const, (18)
and its EMT takes the form
e2αT
φ
B
A = φ
2
1 diag (1,−1, [1]D−2) . (19)
Here and henceforth the notation [A]k means that a
quantity A is repeated k times along the diagonal.
Eq. (19) means, in particular, that if we write the
D -dimensional Einstein equations in the form
RBA = −TBA +
1
D − 2 δ
B
A T
C
C , (20)
then a term connected with φ appears only in the
(
1
1
)
component, which is reasonably replaced by the inte-
gral coming from (13). So the field φmin does not af-
fect the equations for A , B 6= 1; the presence of φmin
only modifies a relation between integration constants
appearing from the equation
(
1
1
)
(the first integral).
3. Problem EMφmin : integrable cases
Given the electric and magnetic type fields, with arbi-
trary n , the whole set I of internal indices naturally
splits into four subsets, to be labelled by different i :
a ∩ b 7→ i = 1 ;
a \ b 7→ i = 2 ;
b \ a 7→ i = 3 ;
I \ (a ∪ b) 7→ i = 4 (21)
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where a = {ak} and b = {bk} are the sets of indices
of the nonzero “electric” and “magnetic” components
(14) of the tensor F .
It is easy to verify that the corresponding dimen-
sions Ni are connected by the constraints
N1 +N2 = N3 +N4 = n− 2;
N1 = N4; N2 = N3. (22)
Accordingly, the EMT of the F field takes the form
T
F
B
A = Q
2
e e
2x diag
(
1, 1,−1,−1, [1]n−2, [-1]n−2
)
+Q2m e
2y diag
(
1, 1,−1,−1, [-1]
N1
, [1]
N2
, [-1]
N3
, [1]
N4
)
(23)
where
Q2e =
1
2n! q
2
e, Q
2
m =
1
2n! q
2
m;
x = γ +N1β1 +N2β2,
y = γ +N2β2 +N4β4. (24)
(one sees that the Q ’s coincide with the “physical”
charges (17) up to
√
G). With these expressions the
Einstein equations (A,B 6= 1) read:
e2α−2β − β′′ = Q2e e2x +Q2m e2y;
γ′′ = Q e
2 e2x +Q2m e
2y;
β1
′′ = Q2e e
2x −Q2e e2y;
β2
′′ = γ′′;
β3
′′ = −γ′′;
β4
′′ = −β1′′. (25)
Certain combinations of these equations can be
written in terms of (α− β), x and y :
(α − β)′′ = e2α−2β ; (26)
x′′ = (n− 1)Q2e e2x + (1−N1 +N2)Q2m e2y; (27)
y′′ = (1−N1 +N2) e2x + (n− 1)Qm2 e2y. (28)
Eq. (26) immediately gives
eβ−α = s(k, u) (29)
where the function s(k, u) is defined as follows:
s(k, u) ≡


(1/k) sinhku, k > 0,
u, k = 0,
(1/k) sinku, k < 0.
(30)
Here k = const and another integration constant
is suppressed by a choice of the origin of u .
Eqs. (27) and (28) decouple and are then easily
solved in the following cases:
(i) N1 = N4 = 0, that is, a ∩ b = Ø. This happens
when the electric and magnetic fields are speci-
fied by mutually dual components of the GMF, as
is the case in conventional 4-dimensional electro-
dynamics. Then the functions x and y coincide
and the equations for β1 and β4 disappear, since
the corresponding subspaces are absent. This de-
fines what we call the EM(dual)-φmin system.
(ii) N1 = 1 + N2 . Since N1 + N2 = n − 2, one can
write:
n = 2m+ 1, m = 1, 2, ...;
N1 = N4 = m; N2 = N3 = m− 1. (31)
So this solvable case occurs with the dimensions
D = 2n = 6, 10, ... . This defines another inte-
grable case, labelled EM(non-dual)-φmin .
For D = 6 one has only two variants, either (i),
with F015 6= 0 and F236 6= 0, or (ii) with F016 6= 0
and F235 6= 0. For n > 3 (D > 6) there exist other
variants, when our equations are not so easily (if at all)
integrable.
3.1. Solutions EM(dual)-φmin
In the previously described case (i) we have
x′′ ≡ γ′′ + (n− 2)β2′′ = Q2 e2x,
Q2 = (n− 1)(Q e2 +Qm2), (32)
whence
e−x = Qs(h1, u+ u1) (33)
where h and u1 are constants and the function s is
defined in (30). It is convenient to normalize all the
functions γ and βi by the conditions
γ(0) = βi(0) = 0, (34)
i.e., at the flat-space asymptotic all the exponential
functions in the metric tend to unity (the real sizes of
the internal spaces are thus hidden in dsi
2 ). Then, in
particular,
Qs(h1, u1) = 1. (35)
Further simple integration finally gives
ds2D = e
2γdt2 − e
2β0
s2(k, u)
[
du2
s2(k, u)
+ dΩ2
]
+ e2β2ds2
2 + e2β3ds3
2, (36)
with (33) and
(n− 1)γ = x− (n− 2)h2u,
(n− 1)β2 = x+ h2u,
(n− 1)β3 = −x+ h3u,
(n− 1)β0 = −x− (n− 2)h3u (37)
where hi = const; the F field components are
F01a2...an = (−1)n−1q e e2x,
F23b1...bn = qm sin θ. (38)
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A substitution of (36), (37) to the constraint equa-
tion leads to the following relation between the inte-
gration constants:
2k2 signk =
2
n−1h
2
1 signh1 +
n−2
n−1(h
2
2 + h
2
3) + 2φ
2
1,
(39)
so that there are six independent parameters in the
solution: q1 , q2 , h1 , h2 , h3 and φ1
2 .
The solution generalizes the Reissner–Nordstro¨m
one and reduces to the latter in the case n = 2 (when
the internal spaces disappear), φ1 = 0.
An analysis of the solution for n ≥ 3 reveals naked
singularities in most cases, but under some special con-
ditions, in the absence of a φ field, one finds a black
hole. Indeed, if
φ1 = 0, k = h1 = h2 = −h3,
u1 > 0, k > 0 (40)
Eq. (39) is satisfied, the functions β , β1 , β2 remain
finite as u → ∞ , while eγ → 0, and the light travel
time
∫
eα−γdu , taken from any finite u to u = ∞ ,
diverges.
The corresponding black-hole metric looks simpler
after the transformation u 7→ R
e−2ku = 1− 2k/R, (41)
so that u→∞ corresponds to R→ 2k . One obtains
ds2D =
1−2k/R
(1+p/R)ξ
dt2 − (1+p/R)ξ
( dR2
1−2k/R −R
2dΩ2
)
+
ds2
2
(1+p/R)ξ
+ (1+p/R)ξds3
2 (42)
where
ξ = 2/(n− 1), p =
√
k2 +Q2 − k. (43)
In the absence of charges (Q = 0, p = 0) the solu-
tion becomes Schwarzschild’s, with GM = k (G is the
gravitational constant and M is the mass), with trivial
extra dimensions.
In the general case the gravitating mass of the
configuration is obtained from a comparison with the
Schwarzschild metric, so that
GM = k + p/(n− 1). (44)
The charge combination Q is restricted by
Q2 < (n− 1)2G2M2. (45)
In the extreme case |Q| = GM(n − 1), k = 0,
the horizon R = 2k disappears and, as is easily seen
from (42, 43), a naked singularity occurs at R = 0, the
center of symmetry. An exception is the “old” case n =
2, D = 4, when (42) acquires the familiar Reissner–
Nordstro¨m form after the substitution R+ p = r .
3.2. Solution EM(non-dual)-φmin
Now consider the case (ii). It is slightly more complex
since there are four internal spaces for n > 3. With
(31), Eqs. (27) and (28) yield
e−x =
√
2mQ2e s(h1, u+ u1),
e−y =
√
2mQ2m s(h2, u+ u2), (46)
and, after simple integration of the remaining equa-
tions, the solution takes the form
ds2D = e
2γdt2 − e
2β0
s2(k, u)
[
du2
s2(k, u)
+ dΩ2
]
+
4∑
i=1
e2βi(u)dsi
2, (47)
with
γ = (x + y)/(2m)− c0u,
β1 = (x − y)/(2m)− c1u,
β2 = (x + y)/(2m)− c2u,
β3 = −(x+ y)/(2m)− c3u,
β4 = (y − x)/(2m)− c1u,
β0 = −(x+ y)/(2m) +mc1u+ (n− 1)c3u, (48)
where the integration constants k , hi and ci are con-
nected by the relations
c0 +mc1 + (m− 1) = 0, (49)
k2 signk =
1
m
(k1
2 signh1 + h
2
2 signh2) + c
2
0
+ [mc1 − (m− 1)c3]2 + 2mc21
+ (m− 1)(c22 + c23) + 2φ21. (50)
The F field components retain the same form (38).
Thus there are eight independent integration con-
stants: (q e , qm , h1 , h2 , c1 , c2 , c3 , φ1 ).
Like that of Subsec. 3.1, this solution possesses
naked singularities in most cases, but there is a 3-
parameter set of black holes specified by the conditions
φ1 = 0, c1 = 0,
h1 = h2 = k, −c2 = c3 = k/m. (51)
Indeed, after the same transformation (41) the metric
looks as follows:
ds2D =
1− 2k/R
(P ePm)1/m
dt2
− (P ePm)1/m
(
dR2
1− 2k/R +R
2dΩ2
)
+
(Pm
P e
)1/m
ds21
+ (P ePm)
−1/mds22 + (P ePm)
1/mds23 +
( P e
Pm
)1/m
ds24
(52)
with
P e,m = 1 + p e,m/R;
p e,m =
√
2mQ2e,m + k
2 − k. (53)
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Like (42), the metric (52) has the property
σ ≡
∑
i
Niβi ≡ 0, (54)
so that the volume element of the extra dimensions is
R -independent.
The gravitating mass is calculated for (52) similarly
to (42):
GM = k +
1
2m
(p e + pm). (55)
The charge parameters Q e and Qm are constrained
by
Q2e +Q
2
m < 2mG
2M2. (56)
Again, in the extreme case k = 0, when we have an
equality in (56), the metric has a singular center R =
0.
Unlike (42), (52) contains three instead of two pa-
rameters since the electric and magnetic charges enter
into it separately (although in a symmetric manner).
Despite the close similarity between these metrics, (47)
has no Reissner–Nordstro¨m special case, since the to-
tal space-time dimension is D = 2(2m + 1), m ≥ 1.
For m = 1, n = 3, the subspaces with ds2
2 and ds3
2
are absent: by (31) they have zero dimension.
4. Solutions with a scalar-type
component
Let us now try to find solutions containing the scalar
component of the F field. We will also assume that
there are mutually dual electric and magnetic fields,
so that their sets of indices are completely different,
a ∩ b = Ø. We ascribe the folowing labels i to the
internal factor spaces (where a = {aj} , etc., see (14):
a ∩ c 7→ i = 1;
a \ c 7→ i = 2;
b \ c 7→ i = 3;
b ∩ c 7→ i = 4. (57)
The EMT of the F field takes the form
e2αT
F
B
A = Q
2
em diag (1, 1,−1,−1, [1]n−2, [-1]n−2) e2x
+Qs
2 diag (1,−1, 1, 1, [-1]N1 , [1]N2+N3 , [-1]N4) e2y
(58)
where
Qem =
1
2n! (q e
2 + qm
2), Qs =
1
2n! qs
2,
x = γ +N1β1 +N2β2,
y = N1β1 +N4β4. (59)
Denoting N1 = m ≥ 1, we obtain the following Ni :
N1 = m, N2 = n−m− 2,
N3 = m− 1, N4 = n−m− 1. (60)
The field equations similar to (25) are
e2α−2β − β′′ = Qem2 e2x −Qs2 e2y,
γ′′ = Qem
2 e2x +Qs
2 e2y,
β′′1 = Qem
2 e2x −Qs2 e2y,
β′′2 = γ
′′,
β′′3 = −β′′1 ,
β′′4 = −γ′′. (61)
As in Subsection 3.1, we obtain (26), while the equa-
tions for x and y are
x′′ = (n− 1)Q2em e2x + (n− 2m− 1)Qs2 e2y,
y′′ = −(n− 2m− 1)Q2em e2x − (n− 1)Q2s e2y. (62)
The situation is somewhat similar to that in equa-
tions (27,28), with the difference that we cannot put
x = y : the set of equations (61) then becomes incon-
sistent. So the only case when Eqs. (62) decouple is
n = 2m+ 1, m = 1, 2, ... (63)
and we again deal only with D = 2n = 6, 10, 14, ... , so
that, by (60),
N1 = N4 = m, N2 = N3 = m− 1.
It is easy to verify that the case of coinciding indices
indicated in the Remark in Sec. 2 (a ∩ c = a) occurs
here only for m = 1, n = 3. In this case our solu-
tion cannot contain an electric component F01a and
incorporates only magnetic and scalar charges.
After integration we obtain
e−x =
1
h1
√
n− 1Qem2s(h1, u+ u1),
e−y =
1
h2
√
n− 1Qs2 cosh[h2(u + u2)] , (64)
where, as before, h1 , h2 , u1 , u2 are constants con-
strained by the conditions x(0) = y(0) = 0.
Further integration is quite simple and results in
a metric having the form (47), but with the following
exponents instead of (48):
γ = x− y/(2m)− c0u,
β1 = x+ y/(2m)− c1u,
β2 = x− y/(2m)− c2u,
β3 = −x+ y/(2m)− c3u,
β4 = y − x/(2m) + c1u,
β0 = −x+ y/(2m)−mc1u+ (m− 1)c3u, (65)
with constraints upon the constants very similar to
(49) and (50):
c0 +mc1 + (m− 1)c2 = 0, (66)
2k2 signk =
1
m
(h21 signh1 + h
2
2) + c
2
0 + 2mc
2
1
+ [mc1 − (m− 1)c3]2 + (m− 1)(c22 + c23) + 2φ21. (67)
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Unlike the solutions EM(dual)-φmin and EM(non-
dual)-φmin , this one, labelled EM(dual)-Sφmin , does
not contain a black-hole case. Indeed, as is easily ver-
ified, all solutions with the coordinate u specified in a
finite range 0 < u < umax < ∞ (this happens when
h1 < 0 and/or u1 < 0) have naked singularities. As for
u → ∞ , the place for a horizon in the previous solu-
tions, the requirement that β1, ..., β4 tend to finite lim-
its cannot be fulfilled since now β1(u) + β4(u) = y/m ,
while y → −∞ as u→∞ .
In the case m = 1, n = 3, the functions β2 and β3
disappear along with the corresponding factor spaces,
and the solution is considerably simplified.
5. Solutions Sφmin
Equations (61) are easily solved for any n if the electric
and magnetic components of the F field are absent. In
this case, the factor spaces (1 and 4) and (2 and 3)
unify and the resulting solution, obtained just as the
previous ones, has the form,
ds2D = e
2γdt2 − e
2β0
s2(k, u)
[
du2
s2(k, u)
+ dΩ2
]
+ e2β1ds1
2 + e2β2ds2
2 (68)
where
e−(n−1)β1 =
1
h
√
(n− 1)Q2s cosh[h(u+ u1)],
β1(0) = 0, k > 0,
γ = −β1 − c0u,
β2 = −β1 − c2u,
β0 = −β1 + [c0 + (n− 3)c2]u. (69)
The constants are related by
2k2 signk =
2
n− 1h
2 + c20 + [c0 + (n− 3)c2]2
+ (n− 3)c22 + 2φ12. (70)
There is no black-hole case in this solution as well since
in all cases β1 → −∞ as u→∞ .
6. The Hawking temperature for
black-hole solutions
Event horizons are known to induce quantum vacuum
instability, leading to creation of particle-antiparticle
pairs [21, 22], also interpreted as black hole evapora-
tion. The latter is observable from infinity as black-
body radiation, whose temperature, called the Hawk-
ing temperature, is thus one of the key parameters of
a black hole. In non-black-hole cases the notion of a
temperature is apparently unapplicable.
According to [22], the Hawking temperature of a
spherically symmetric black hole can be found in the
form
krmBT = h¯æ/2pi,
æ =
(
√
g00)
′
√−g11
∣∣∣∣∣
horizon
= eγ−αγ′
∣∣∣
horizon
, (71)
where kB is the Boltzmann constant and the notations
α , γ and “prime” correspond to Eq. (9).
It should be noted that the expression (71) is not
only invariant under reparametrization of the radial
coordinate (as is necessary for any quantity having a
direct physical meaning), but also conformal gauge
independent, or, in other words, invariant under con-
formal mappings of the 4-dimensional metric provided
the conformal factor is regular on the horizon. Indeed,
due to the above reparametrization invariance, we may
safely assume that the horizon takes place at a finite
value of the radial coordinate. Then, from eγ → 0 it
follows γ′ → ∞ on the horizon, and in the expression
(71) any finite contribution to γ′ may be ignored; but,
on the other hand, a regular conformal factor results
in just a finite contribution to γ′ and does not affect
the expression eα−γ at all.
Thus a black hole has the same temperature for
observers using different sets of instruments (such that
they see the space-time in different conformal gauges).
The same is true for black hole electric and magnetic
charges (if any) but not for the mass, which is deter-
mined by the 4-dimensional metric at the asymptotic
and is thus sensitive to conformal factors. In particu-
lar, the mass dependence of the temperature is confor-
mal gauge dependent.
We have obtained here two black hole solutions
(42), (52). Let us find their temperatures, compar-
ing them with some other known solutions describing
multidimensional black holes. We begin with referring
to known results.
Conventional Einstein-Maxwell fields in D
dimensions
The metric of an electrically charged black hole may
be written in the form [17, 23]
ds2D =
1− 2k/R
(1 + p/R)2
dt2
− (1 + p/R)2/N
[
dR2
1− 2k/R +R
2dΩ2 −
s∑
i=1
ds2i
]
(72)
where the integration constant k ≥ 0 has the same
meaning as in the present paper,
N = D − 3, p =
√
k2 + q2 − k,
q2 = 2Nq2/(N + 1)
and q is the electric charge. According to (71),
æ =
1
4k
(
1 +
p
2k
)
−(N+1)/N
. (73)
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On the other hand, the black-hole mass is (up to the
factor G) M = p + k =
√
k2 + q2 , so that æ can be
expressed in terms of the mass and the charge:
æ = 12 (2
√
M2 − q2)1/N (M +
√
M2 − q2)−(N+1)/N .
(74)
The minimal mass for a given charge q corresponds
to k = 0 and zero temperature (the extreme case).
For N > 1 (D > 4) the metric possesses a naked
singularity instead of a horizon. In other respects the
above formulas are direct generalizations of those well-
known for the Reissner–Nordstro¨m case.
Dyon black holes in multidimensional dilaton
gravity
In the case of dilaton gravity, known as a field limit
of string theory, the most general spherically symmet-
ric black hole solution contains both electric (q e ) and
magnetic (qm ) charges; the string metric (i.e., the met-
ric in the string conformal gauge, fundamental for the
underlying theory) reads [11]:
ds2D =
(r − r+)(r − rm)
(r + r e − rm)2 dt
2
− r
2dr2
(r − r+)(r − rm) − r
2dΩ2 +
s∑
i=1
ds2i (75)
with the notations
r+ = 2k + rm ≥ rm, r e,m =
√
k2 + 2q2e,m − k.
The event horizon takes place at r = r+ , except for
the purely magnetic extreme case k = r e = 0, when
the metric is regular and g00 = const.
The “temperature factor” æ is
æ =
k
r+(2k + r e)
=
r+ − rm
r+(r+ + r e − rm) . (76)
It is dimension-independent and vanishes for k = 0.
Solutions EM(dual), Eq. (42) and
EM(non-dual), Eq. (52)
The field φmin is omitted from the notation since the
scalar field is absent in the black hole solutions.
In the dual case the metric and the mass are deter-
mined by (42) and (44). The black-hole “temperature
factor” æ is
æ =
1
4k
(
1 +
p
2k
)
−2/(n−1)
. (77)
Recall that here p =
√
k2 +Q2 − k , k > 0 and Q2 =
(n − 1)(Q2e + Q2m), Q e and Qm being the physical
electric and magnetic charges of the black hole. The
well-known result for a Reissner–Nordstro¨m black hole
[22] is recovered when n = 2.
In the non-dual case the corresponding relations are
(52) and (55). For æ we obtain:
æ =
1
4k
(
1 +
p e
2k
)
−1/m(
1 +
pm
2k
)
−1/m
. (78)
The quantities p e,m are expressed in terms of k > 0
and the charges in Eq. (53). Recall that here the space-
time dimension is D = 2(2m+ 1), m being a positive
integer, so that this family of solutions does not include
the Reissner–Nordstro¨m one.
All the above expressions for æ, except (76), de-
pend explicitly on the space-time dimension, so that
the temperature tends to a finite limit as D →∞ . In
the dilaton case (75) the extra dimensions are “pas-
sive” not only in that their scale factors are constant (in
the string gauge), but also in that the D -dependence
falls out of the whole metric. In this respect the
dilaton case is the most similar to the uncharged
(Schwarzschild) solution — the zero charge limit of
all the above solutions.
The expressions for æ exhibit the most interesting
distinctions in the extreme limit k → 0, describing
the minimum possible mass for given charges. Note
that this extreme case corresponds to a black hole only
in the Reissner–Nordstro¨m case (D = 4) and for the
dilaton solution (75) with q e 6= 0.
Thus, for the known solutions (72) and (75), the
temperature T vanishes in this extreme case. Un-
like that, the expression (77) for Solution EM(dual)
vanishes as k → 0 only for n = 2 (the Reissner–
Nordstro¨m black hole); for n = 3 the limiting T is
finite; for greater n , T → ∞ as k → 0. The same
picture is observed with the non-dual case: the expres-
sion (78) tends to a finite limit as k → 0 only if m = 1
and there is just one nonzero charge, either electric,
or magnetic one (this case actually coincides with a
special case of EM(dual), n = 3); in all other cases of
EM(non-dual) we have T → ∞ as k → 0. So in our
case the black hole evaporation dynamics should be
drastically different from that of Reissner–Nordstro¨m
or dilaton black holes.
7. Discussion
We have found some exact spherically symmetric static
solutions for a theory containing gravity and a gener-
alized Maxwell field in higher dimensions in integrable
cases which we were able to select.
All the solutions found, except for some special
cases, exhibit naked singularities. However, from the
standpoint of the well-known no-hair theorems (claim-
ing, in particular, that in general relativity a spher-
ically symmetric black hole cannot have an external
minimally coupled scalar field), it is more surprising
that there exist black hole subfamilies in our families
of solutions, since the extra-dimension scale factors are
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4-dimensional scalars. The latter, however, are not
minimally coupled to matter, and this is apparently a
reason for the appearance of nontrivial scalar fields in
multidimensional black hole solutions. Other examples
of such solutions are those known in multidimensional
Einstein and dilaton gravity [14, 10, 11, 17, 18], where
nontrivial scalar (or 4-dimensional scalar) fields exist
only in the presence of a nonzero electric or/and mag-
netic charge.
The present black-hole solutions are among the sim-
plest ones in the following sense. There are physically
different 4-dimensional formulations of the same mul-
tidimensional theory, corresponding to different con-
formal gauges (Einstein gauge, atomic gauge, etc.) —
conformal factors depending on the volume of the in-
ternal space, which, in general, varies from point to
point [20, 11]. In the present notation, such conformal
factors depend on σ (see (10)). One can see that in our
black-hole solutions σ = const, so for these solutions
all conformal gauges coincide.
For the black-hole solutions found, the Hawking
temperture depends both on electromagnetic charges
and masses and on the space-time dimension D . The
D dependence is somewhat similar to that in the solu-
tion (72) for the conventional Einstein-Maxwell system
and disappears with switching-off the gauge fields.
A crucial, and potentially observable, difference
between our black-hole solutions and the “old” ones,
Eqs. (72) and (75), is that for most of our solutions the
black-hole temperature grows infinitely in the extreme
limit (that of minimal mass for given charges) — for
more details see the previous section.
An issue of importance is the classical stability of
static configurations. From the previous studies of the
stability of static vacuum and electrovacuum solutions
in multidimensional Einstein and dilaton gravity it can
be concluded that only black-hole solutions are stable,
while those with naked singularities are catastrophi-
cally unstable [19, 23]. It would be of interest to extend
this study to the present solutions with the GMF.
It also makes sense to analyze the weak-field limit
of the new solutions to learn their viability range and
to try to predict their observational manifestations.
As is the case with other spherically symmetric so-
lutions, their actual significance (in particular, the role
of naked singularity solutions and their relation to the
cosmic censorship conjecture [24, 25]) can be under-
stood only after a full dynamical study of gravitational
collapse.
Acknowledgement
We thank CNPq, Brazil, for partial financial support.
K.B. is also thankful to the Russian Ministry of Sci-
ence for partial financial support of this work and to
Departamento de F´ısica, UFES, Vito´ria, for kind hos-
pitality.
References
[1] D. Bailin and A. Love, Rep. Prog. Phys. 50, 1087
(1987).
[2] P.v. Nieuwenhuizen, Phys. Rep. 68, 189 (1981).
[3] P.G.O. Freund and M. Rubin, Phys. Lett. B97, 233
(1980).
[4] J.C. Fabris, Phys. Lett. A 267, 30 (1991).
[5] V.D. Ivashchuk and V.N. Melnikov, Grav. & Cosmol.
2, 297 (1996).
[6] F.G. Alvarenga and J.C. Fabris, Class. Quant. Grav.
12, L69 (1995).
[7] J.C. Fabris, Gen. Rel. Grav. 26, 135 (1994).
[8] K.A. Bronnikov and J.C. Fabris, in preparation.
[9] J.P. Baptista, A.B. Batista and J.C. Fabris, Int. J.
Mod. Phys. D2, 431 (1993).
[10] V. Melnikov, in: “Gravitation and Cosmology”, edited
by M. Novello, Editions Frontie`res, Gif-sur-Yvette,
1994.
[11] K.A. Bronnikov, Grav. and Cosmol. 1, 67 (1995).
[12] K.A. Bronnikov, Acta Phys. Polon. B4, 251 (1973).
[13] C. Misner, K. Thorne and J.A. Wheeler, “Gravita-
tion”, Freeman and Co., San Francisco, 1973.
[14] K.A. Bronnikov and V.D. Ivashchuk, in: Materials of
the 7th Russian Gravitational Conference, Yerevan,
1988, p. 156 (in Russian).
[15] R. Wagoner, Phys. Rev. D 1, 3209 (1970).
[16] K.A. Bronnikov, M.Yu. Konstantinov and V.N. Mel-
nikov, Grav. and Cosmol. 1, 60 (1995).
[17] K.A. Bronnikov, Ann. der Phys. (Leipzig 48, 527
(1991).
[18] K.A. Bronnikov, Izv. Vuzov, Fizika, 1991, No. 7, 24
(in Russian).
[19] K.A. Bronnikov, Izv. Vuzov, Fizika, 1992, No. 1, 106
(in Russian).
[20] K.A. Bronnikov, Int. J. Mod. Phys. D 4, 491 (1995).
[21] R. Brout, S. Massar, R. Parentani and Ph. Spindel,
Phys. Rep. 260, 329 (1995).
[22] R.M. Wald, “General Relativity”, University of
Chicago Press, Chicago (1984).
[23] K.A. Bronnikov and V.N. Melnikov, Ann. of Phys.
(NY), 239, 40 (1995).
[24] R.M. Wald, Ann. of Phys. (NY) 82, 548 (1974).
[25] G. Gibbons, S.W. Hawking, G.T. Horowitz and M.J.
Perry, Comm. Math. Phys. 88, 295 (1983).
